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Ramification Filtrations of Certain Abelian Lie Extensions of Local 

Fields 

LIANG-CHUNG HSIA AND HUA-CHIEH LI 


Abstract. Let G C xF 9 [a:] (q is a power of the prime p) be a subset of formal 
power series over a finite field such that it forms a compact abelian p-adic Lie 
group of dimension d > 1. We establish a necessary and sufficient condition 
for the APF extension of local field corresponding to (F g ((x)), G) under the 
field of norms functor to be an extension of p-adic fields. We then apply this 
result to study family of invertible power series with coefficients in a p-adic 
integers ring and commute with a fixed noninvertible power series under the 
composition of power series. 


Introduction 

The purpose of this note is to study families G C xi?[x] of formal power series 
in the cases where R is a finite field or a p-adic integer ring. In both cases, G 
is a commutative group under the operation of compositions of power series. In 
the former case, G is p-adic Lie group of finite dimension whose opposite G° acts 
on the Laurent series field over R faithfully. In the latter case, G consists of all 
invertible power series that commute with a fixed stable, noninvertible power series 
(see Section 3 for definitions). 

More specifically, in the case where R is a finite field, we’re concerned with 
G being a closed subgroup of the ramification group Af{R) = x + £ 2 I?[a;] such 
that it is isomorphic to for some integer d > 1 where p is the characteristic of 
R. It follows from the theory of field of norms that there exists an arithmetically 
profinite Galois extension L/K of local fields such that R((x)) is the field of norms 
corresponding to the extension L/K and G is isomorphic to the Galois group of the 
extension. In this case we say that L/K is the arithmetically profinite extension 
corresponding to the pair (R((x)),G) under the field of norms functor. It is an 
interesting and in many applications, important question about the characteristic 
of the fields L/K. In the case where G ~ Z p (d = 1), let a be a topological generator 
of G then Wintenberger [26] shows that K is a p-adic field if and only if the limit 
linin-^oo i n (a)/p n exists. Here i n (<r) = i(a p ) denotes the ro-th ramification number 
of a (see § 1.1). 

It is natural to seek for a generalization of this result to the case where G has 
higher Z p rank. Our first main result gives one such generalization which we state 
as follows. 
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Theorem. Let F g denote the finite field of q elements (q is a power of p). Let 
G ~ Z p be a closed abelian subgroup of Aut^ (F g ((x))). Let L/K be an abelian 
extension corresponding to (W q ((x)),G) under the field of norms functor. Then K 
is a p-adic field if and only if there exists a constant k depending on G such that 
for every non-identity cr £ G we have 

in + 2(<7)-in+l ( <T) =pd foraUn > K 

Let K be a finite extension of Q p and let Ok be its ring of integers. A formal 
power series f(x) £ xOk\x\ is called invertible if /'(0) £ 0* K \ otherwise it is called 
noninvertible. Let g(x) £ be a noninvertible power series with nonzero 

linear coefficient g'( 0). In the paper [16], Lubin studies the following question: 
suppose that there exists an invertible power series u which commutes with g under 
the composition of power series, i.e. g o u = u o g 1 what we can say about the two 
power series u and gl Assuming that the n-th iterates u° n of u are not the identity 
for all positive integer n, Lubin suggests that the commutative pair of power series 
g and u are related to certain formal groups defined over Ok- Since Lubin’s paper 
was published, there have been some work related to his question, see Section 3 for 
detailed account. 

In this paper, we study the case where g has large set of invertible power series 
that commute with it. More precisely, we let G be the set of all invertible power 
series in orCWja:] commuting with g. By Lubin’s result [16, Corollary 1.1.1], the 
map u(x) >-A u’( 0) gives rise to an injective group homomorphism from G (under 
the operation of composition) to 0* K . We assume that this homomorphism is also 
surjective. Then, in this case Lubin’s question can be rephrase as: whether or 
not there exists a Lubin-Tate formal group Q(x,y) over Ok such that g is an 
endomorphism and G is the group of automorphism of Q(x,y). 

Our second main result (Theorem 3.2) is to give an affirmative answer to this 
question under the condition that g'{ 0) is a uniformizer of Ok or K is an unramified 
extension of Q p . Before stating the result, we let Vk '■ K* —> Z be the normalized 
discrete valuation on K and denote by do the homomorphism sending u(x) £ G to 
«'( 0 ) € 0 * K . 

Theorem. Let K be an finite extension over Q p with ramification index e and 
residue degree f. Suppose that g(x) £ xOk\x\ is a stable noninvertible series with 
Weierstrass degree equal to f ■ VK(g'( 0)). Furthermore, assume that do (G ) = 0 * K , 
then g is an endomorphism of a Lubin-Tate formal group defined over Ok if one 
of the following conditions holds: 

(1) VK{g'{ 0)) = 1 (e can be any positive integer). 

(2) e = 1 (i.e. K is an unramified extension over Q p ) and all the roots of 
iterates of g(x) are simple. 

We remark that Sarkis [20] applies ideas in [7] to prove that for g(x) £ arZ p [a:]| 
under the condition that v p (g'{ 0)) = 1, Weierstrass degree equal to p and do(G) = 
Z*, there exists a formal group over Z p such that g is an endomorphism and G is the 
group of automorphisms of the formal group. Our result extends his to more general 
situations. One of the new ingredients here is our generalization of Wintenberger’s 
result mentioned above. We refer the reader to Section 3 for details. 

The plan of our paper is as follows. In Section 1, we give an overview of ram¬ 
ification subgroup of automorphisms of a local Held of positive characteristic. We 
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also review some facts about arithmetically profinite extensions as well as the con¬ 
struction of the field of norms. After these preliminaries, we prove our first main 
result in Section 2. We divide the statement and proof of our result into two parts. 
We first prove the necessary condition in Theorem 2.2 and then prove the sufficient 
condition in Theorem 2.4. Section 3 is devoted to the study of Lubin’s conjecture. 
In this long section, we give a possible detailed overview on Lubin’s conjecture. 
After some preparations in § 3.1 and § 3.2, we begin the proof for our second main 
result in § 3.3 and finally we give some remarks in § 3.4. 

1. Preliminaries 

1.1. Wild ramification. Let k be a perfect field of characteristic p > 0 and let 
Go(k) denote the set of power series in k\x\ whose leading term is of degree one. 
Then Go{k) is a group under the compositions of power series and Go(k) op acts on 
k((x)) by substitution g gof for g £ k((x)) and / € Go(k) . Moreover, this gives an 
isomorphism between Go(k) op and Autfc (k((x))). The subgroup J\f(k) = x + cc 2 fc[a’| 
of Go{k), known as the Nottingham group or ramification subgroup of Autfc (fc((x))), 
is a pro-p group. 

Recall that the ramification number of a £ Autfc (k((x))) is defined by 

i(a) = orda;(cr(a;) — x) — 1. 

By convention, we set i(a) = oo for a(x) = x (the identity automorphism). The 
automorphism a is called a wildly ramified automorphism if i(a) > 1. Equivalently, 
a is wildly ramified if and only if a £ Af(k). In this case, we set i m (<r) = i(a p ) 
for m > 0. Then an elementary fact about the sequence {i m (cr)} is that it is a 
strictly increasing sequence of integers if a is not of finite order. It was proved by 
S. Sen [21, Theorem 1] that for wildly ramified automorphism a of infinite order, 
we have i n (cr) = i n -i(a) (mod p n ) for all n >0. As a consequence, if a is not of 
finite order, then i n (a ) grows at least exponentially in n, namely 

n 

in{cr)>Y^P i - (!) 

j=0 

Notice that the ramification numbers i(-) gives rise to a natural filtration on 
Go(k). In particular, for any closed subgroup G of Go{k) its lower numbering is 
given by 

G[s] := {a £ G \ i(a) > s} for all s £ R. 

It follows from the definition that G[s] = G for s < 0. In the case where G[s] is of 
finite index in G for all sgl, the following integral is well-defined 

f s dt 

4 ’ ai ’ ) = L (cTcM) torallseIL 

The function (f>Q is a piecewise linear and increasing function. Its inverse is denoted 
by il’G which in this paper we call the Hasse-Herbrand function for G. Then the 
upper numbering of G is defined via ipc- Namely, G(y) := G[ipG(y)} for all y £ R. 
Thus, G[s] = G((/)g(s)) for all s€l. Moreover, we have 

il>G(y)= [ V ( G:G(t))dt. 

Jo 

The following is a basic property that follows from the definition of lowering num¬ 
bering. 
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Proposition 1.1. Let G be a closed subgroup of Autfc (k((x))) and let H be a closed 
subgroup of G. Then H[s] = H fl G[s] for any s € R. 

A real number s is called a break (or jump) of the lower numbering for G if 
G[s] ^ G[s + s] for any e > 0. Likewise, if G(t) ^ G(t + e) then t is a break of 
upper numbering. It follows from the definition that the set of breaks of the lower 
numbering for G is a subset of integers. We’ll denote the set of breaks of lower 
numbering by {l m \ m = 0,1,...} and the set of breaks of upper numbering by 
{u m | m = 0,1,...}. We have u m = for all integers m > 0. 

Remark 1. Let H be a closed subgroup of G and let £ be a break of the lower 
numbering of H. It follows from Proposition 1.1 that £ is also a break of the 
lowering numbering of G. In particular, if H ~ Z p is generated by a £ G, then the 
set {i n (i t) | n = 0, 1,...} is just the set of breaks of the lower numbering for H. 
Consequently, the sequence {j ra (<r)} is a subset of the breaks of the lower numbering 
of G. 

1.2. Arithmetically profinite extensions and field of norms. In this subsec¬ 
tion, we summarize some basic facts from the theory of field of norms which was 
first investigated by J.-M. Fontaine and J.-P. Wintenberger [1, 2]. Let K be a local 
field with perfect residue field K of characteristic p and let L be an infinite arith¬ 
metically profiinite (APF) extension of K (see [25]). Let Xk{L) denote the field of 
norms of L/K. The multiplicative group of X F {L) is given by 

X k (L)* = ljm E* 

Eg£l/k 

where £l/k is the se t of all finite subextensions of L/K and the inverse limit is taken 
with respect to the norms N F / E : F* —>■ E* for finite subextensions F D E D K of 
L/K. Hence, X F (L) = X F {L)* U {0} and the set of nonzero elements of X F (L) 
consists of all norm-compatible sequences 

|(as) Se£t/Jf | cle G E and a E = N F/E (a F ) if E C f| . 

In fact, Xk{L) is a local field of characteristic p whose residue field X F {L) is 
isomorphic to L. 

It follows from the construction that the field of norms establishes a faithful 
functor between the category of infinite APF extensions of K with morphisms 
consisting of finite separable JF-embeddings and the category of local fields of char¬ 
acteristic p with morphisms consisting of finite separable embeddings [25, §3]. In 
the case where the APF extension L is Galois over K , Wintenberger [25, Corol¬ 
lary 3.3.4] shows that the Galois group G L / K acts on X K (L) faithfully. Therefore, 
G l / k is isomorphic to a closed subgroup X K (G L / K ) of the group Aut (X K (L)) of 
continuous automorphisms of X F (L). Moreover, this identification preserves upper 
ramification subgroups. Namely, we have X K {G L / K (t)) = X K (G L / K )(t) for all 
real number t where G E / F (t) denotes the upper ramification subgroup of G E / F 
with t an upper numbering for G E / F . 

1.3. p-adic Lie extensions. Let K be a local field and let L/K be a Galois ex¬ 
tension. The extension field L is called a p-adic Lie extension of K if the Galois 
group G e /k of L/K is a p-adic Lie group of finite dimension. In the case where 
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if is a p-adic local field, S. Sen [22] proves that L is an APF extension of K. Win- 
tenberger [24] shows that there is an equivalence between the category of abelian 
p-adic Lie extensions and the category of local fields of characteristic p equipped 
with a continuous action by compact abelian p-adic Lie groups. 

More precisely, let the two categories A and 7Z be defined as follows. Objects 
of category A are infinite Galois extensions L/K whose Galois group Gl/k is an 
abelian p-adic Lie group and the residue field L is a finite extension of K. An A- 
morpliism from L/K to L'/K' is defined to be a continuous embedding er : L — > L' 
such that L' is a finite separable extension of cr(L) and K' is a finite extension of 
cr(if). 

An object of 7Z consists of couples (X , G) where X is a complete local field of 
characteristic p with perfect residue field and G is a compact abelian p-adic Lie 
group of finite dimensional which is a closed subgroup of the group Aut(X) of 
continuous automorphisms of X. An 7?.-morphism (ji,j 2 ) from (X, G) to (X',G') 
consists of continuous embedding j\ : X —> X' such that X' is a finite separable 
extension of j\(X) and continuous group homomorphism j 2 : G' —> G such that 
g' 0 j 1 = ji 0 32 W) for all g' G G'. Let T : A —> 1Z be the functor such that 
HL/K) = (X k (L),X k (G l/k )) for L/K € Ob(M). Then, 

Theorem 1.2 (Wintenberger [24]). T is an equivalence of categories. 

Remark 2. In the following, we’ll simply say that L/K is an extension corresponding 
to (X, G) under the field of norms functor if (X, G) = T(L/K) for (X, G) € Ob(7?.). 

Notice that the Galois extension L/K is an APF extension of K if Gl/k(/) are 
open in Gl/k for all real t. In this case, the Hasse-Herbrand function 

x I , l/k( s ) = [ ( G l /k '■ Gl/k (0) dt 
Jo 

is well-defined for all s > — 1. Let 4>l/k be the inverse of i/l/k- Then, the lowering 
numbering of Gl/k is defined by Gl/k\s\ = Gl/k{4>l/k(s)) for all real s > —1. 
The following result is due to Laubie [4]. 

Proposition 1.3. Let L/K € A and let T(L/K) = (X, G). Then, for all x > — 1 
we have Gl/k[ x ] — G[ x\. 

2. Arithmetic profinite extensions over field of characteristic 0 

By Theorem 1.2, for any given pair (X, G) € Ob(7£) there exists an abelian p- 
adic Lie extensions L/K corresponding to (X, G) under the field of norms functor. 
In this section we’re concerned with whether or not the field K is of characteristic 
zero. We’ll consider the case where k is the finite field F g of q elements ( q a power 
of p) and X = F 9 ((#)) is the local field in question. 

Let G be a compact abelian p-adic Lie subgroup of Autp, (F g ((a:))). In the special 
case where G ~ Z p generated by er G G we write the limit lim„_j. 00 ( i n (a)/p n ) = 
(p/(p — 1)) e. Wintenberger [26, Theoreme 1] shows that either e is a positive integer 
or e = 00 . Moreover, e is a positive integer if and only if L/K corresponding to 
(X, G) is an extension of p-adic field. In fact, e is the absolute ramification index 
of K. The main goal of this section is to generalize Wintenberger’s result to the 
general case where the Z p -rank of G is an arbitrary positive integer. 
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2.1. A necessary condition. For Lie extensions L/K of p-adic local fields, a key 
ingredient for studying the extension L/K is the following result due to S. Sen 
which gives the effect of taking p-th power on the upper ramification subgroups of 
the Galois group G L / K . 

Proposition 2.1 (S. Sen [22, Proposition 4.5]). Let K be a p-adic local field with 
absolute ramification index e. Let L/K be a p-adic Lie extension of I\. Then for 
real number t large enough, GL/K(t) p = Gl/k{ t + e). 

We first present a necessary condition for the extension L/K corresponding to 
(Fq((x)),G) to be an p-adic fields. 


Theorem 2.2. Let G be a closed abelian subgroup of Autp (F g ((&))) which is iso¬ 
morphic to Zp with d > 1. Let L/K be an abelian extension corresponding to 
(F q ((x)),G) under the field of norms functor. If K is a p-adic field then there exists 
a constant k depending on G such that for every non-identity a £ G we have 


ln+ 2 (a)-i n+ 1 (a) =pd foraUn > K 


( 2 ) 


Proof. Let L/K be the abelian extension of p-adic field corresponding to the pair 
(Fq((a:)), G) under the field of norms functor. Let e = Vk{p) be the absolute ramifi¬ 
cation index of K. Denote the sequences of breaks of lower and upper ramification 
numbers of G by {l m } and {u m } respectively. Let i n = i n (a) be the n-th ramifica¬ 
tion number of non-identity element a £ G. Our first goal is to show that for all n 
large enough, i n satisfy (2). 

By Wintenberger [25, Corollary 3.3.4] and Laubie [4] (see also Proposition 1.3), 
the upper and lower numberings are preserved between Gl/k and G under the held 
of norms functor. Therefore, the conclusion of Proposition 2.1 applies to G as well. 
That is, we have G(y) p = G{y + e) for y sufficiently large. Let Y be a fixed number 
such that G(y) p = G(y + e) for all y > Y. It follows from [22] that G(Y) is of finite 
index in G. Let N = (G : G(Y)) which is a power of p since G ~ Z^. Write N = p K 
for some nonnegative integer k. 

Let <j £ G be a non-identity element. We put i m = i m (a) and set ui m = <j>G{im) 
for all integer m > 0. Then, we have G(w m ) = G{4>G{im)) = G[i m }. Let n > k 
be given. First we observe that > Y. Indeed, since n > k we must have 
a p £ G(Y) = G[iI>g(Y)\. By the definition of the n-th ramification number of er it 
follows that i n > iPg(Y). Applying fie, we get w n = <j>G{in) > ^g(V’gOO) = Y as 
desired. 

Now Proposition 2.1 says that G(co n ) p = G(w n + e). Use the facts that £ 

G[i n ] p = G(w n ) p = G(w n + e) and G(u n + e) = G[^c(w n + e)], we see that 
i n + 1 > iPg{w„. + e). By applying the increasing function 4>g , we conclude that 
w n +i > ui n +e. We claim that co n+ 1 = cu n +e. It remains to show that w„+i < w n +e. 

By Proposition 2.1 again, we have G(w n+ 1 ) = G(cu n+ 1 — e + e) = G(w n+ i — e) p 
since cc ra +i — e > u> n > Y. Therefore, a p £ G[i n +i] = G(u) n + 1 ) = G(0 J n +i — e) p . 
On the other hand, G does not have nontrivial p-torsion elements, we thus conclude 
that a p is the unique element whose p-th power is a p . Hence a p £ G(w„+i — 
e) = G[f/>G(wn -|-i — e)]. Therefore, i n > ^(wn+i — e). It follows that u> n = <f>G{fn) > 
{<t>G ° V , G)(w n +1 — e) = ui n +1 — e which is the desired inequality. Hence we must 
have w„+i = co n + e for n > n. 
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By the definition of Hasse-Herbrand function for G, we have 


i n +l - in = 1pG(Un+l) ~ ^G^n) = 


r^Jn + 1 


(G : G{t))dt. 


Therefore, 


rWn + 2 

in+ 2 — in+i — / (G : G(f)) dt 
Ju n + 1 

/•w n+ i+e 

= / (■ G:G(t))dt 

J OJn +e 
/‘^n+1 


/*^n+l 

/ (G : G(t + e)) dt 
J OJn 


r<*>n +1 


(G : G(f) p ) dt 


rUn + l 


(G : G(t)) (G(t) : G(tf) dt 


rG)n+l 


p d (G : G(t))di 


= (z„+i — z n ) for all n > n. 


That is, the sequence {«„} satisfies the relation 

^n+2 ^n+1 


^n+1 ‘■ri 


= P 


for all n > k as desired. 


□ 


Remark 3. It’s not hard to see that (2) is equivalent to the following closed form 
of i n (a) for a £ G. 

d(n-K) _ i 

in(cr) = i K (a) + - ——-— (i K+ i(a)-i K (cr)) for all n > k. (3) 

p a — 1 

2.2. A sufficient condition. For a pro-p group G, when we say the sequence {r„} 
of elements of G converges to t £ G, we mean the convergence is with respect to 
the pro-p topology on G. We’ll denote by p-lirn r„ = r. To ease the notation, we 
use G n = G p to denote the subgroup of p ra -th power of G for positive integer n. In 
the following, we’ll denote the identity of G by 1 if there’s no danger of confusion. 

Proposition 2.3. Let G be a ramification subgroup which is isomorphic to Z d 

(d> 1). 

(i) Let {r„} be a sequence of elements in G such that p-limT n = r. Then, 

( hnin-^oo i(r n ) = oo, if t = 1 ; 

\ i(r n ) = z(t) for n sufficiently large, otherwise. 

(ii) For any positive integer N, there exists an upper bound B]+ such that i(a ) < 
Bn for all a £ G \ Gn- 

Proof. We first notice that if p-lim^^^ r„ = r then for any given integer m, there 
exists a positive integer N such that for all n > N we have r„r _1 £ G m . This 
is because the family of subgroups {G m } forms a fundamental system of open 
neighborhood of the identity element of G. 
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To prove (i), let r„ be a given sequence which has a limit r in G. Let m be a 
positive integer. As remarked above, there exits an integer N = N(m) such that 
r n T -1 G G m for all n> N. Fix a set of generators {ay, ..., ad} for G. We see that 
*(t„t - 1 ) > min{i TO (cri),.. .,i m {<Xd)}- By (1), the number min{i m (cri),.. .,i m {o’d)} 
is unbounded as m —» oo. Consequently i(T n r —1 ) —> oo as n —> oo. 

Write i(r„) = i(r n r _1 r). We first consider the case where r = 1. Then for any 
integer m there is an N such that r n = T n T —1 G G m for all n > N. Hence i(r„) = 
i(r„r _1 ) —> oo. Next, we assume that r^l. Because lim n _ ) . 00 ^r^r -1 ) = oo, there 
exists an integer T such that «(t„t - 1 ) > «(r) provided that n> T. It follows that 
i(r t i) = min{?( t), i(r„r -1 )} = *(r) for all n > T as desired. 

For (ii), we fix a positive integer N. Notice that G/Gn is a finite group. Let 
{Ai,..., A r } be a fixed coset representatives of Gn in G. Suppose that there exists 
a sequence {r„} such that r„ ^ Gn for all n and i(r n ) —> oo as n —>• oo. Then 
there exists an infinite subsequence of {r„} in the coset AjGjv with A; ^ 1 for some 
i G {1,...,?’}.. Since XiGn is compact (in the pro-p topology), this subsequence 
has a limit point r in A iGn- Hence, without lose of generality we may assume that 
p- lim n _ ) . 00 r n = r. Since r ^ 1, it follows from (i) that i(r n ) = i(r) for n sufficiently 
large. This contradicts to the assumption that i(r n ) —> oo. Hence, the function *(•) 
is bounded above in G \ Gn by a constant depending on Gn only. 

□ 

It is natural to ask whether or not the relation (2) in Theorem 2.2(or (3) in 
Remark 3) is also sufficient to guaranteed that the extension L/K corresponding to 
(Fq((x)),G) is an extension p-adic field. The following result which is the converse 
to Theorem 2.2 gives an affirmative answer. 

Theorem 2.4. Let G C AutF 5 (F g ((#))) be an abelian group which is isomorphic to 
hp. Suppose that there exists a k > 1 such that for all n > k, the n-th ramification 
number i n {a) satisfies (2) for every element non-identity element a £ G, that is 

jn+ 2(pO ~ _ d 

ln+ 1 (^) 

Then, the field extension corresponding to (F q ((x)),G) under the field of norms 
functor is an extension of p-adic field. 

Remark 4. In [5, 6], the authors studied the growth of the n-th lower numberings 
of a set of generators for G under special restrictions on the initial ramification 
numbers of the generators. With the given conditions, the corresponding extension 
L/K under the field of norms functor is shown to be extension of p-adic field. Also, 
the growth of the n-th lower numberings (for generators) as in (3) are obtained. 
However, the methods used in their paper do not seem applicable to the general 
situation. 

Remark 5. It is reasonable to ask in the general case whether or not (2) satisfied by 
a set of generators for G is sufficient for the corresponding extensions to be p-adic 
field. We do not have an answer to this question in general. 

The proof of Theorem 2.4 is based on the following proposition which is a corol¬ 
lary to the theorem of Wintenberger [24, theorem 3.1] giving criteria for the corre¬ 
sponding extensions to be of characteristic 0. 
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Proposition 2.5. Let G be the group corresponding to the Galois group of the 
arithmetic profinite extension L/K under the field of norm functor. Then the fol¬ 
lowing conditions are equivalent. 

(i) the characteristic of K is 0; 

(ii) 0 < liminf^oo (G .g [a;]) < oo and 0 < limsup^^ (G .g [a;]) < oo. 

Proof of Theorem 2.f. Let L/K be the extension corresponding to (F g ((x)),G) un¬ 
der the field of norm functor. Notice that any subgroup which is of finite index in 
G corresponds to a subextension L/M of L/K with [M : K] finite. Therefore, by 
restricting to subgroups G[m] for to large enough, we may assume that the constant 
k = 0 in (2). Then, as indicated in Remark 3, this is equivalent to assuming that 
for all non-identity elements a G G we have 

p dn - 1 

i n {cr) = io(cr) H-- — (ii(cr) - %o(a)) for all n > 0. (4) 

p a — 1 

By Proposition 2.5 (ii), we need to show that the ratio x/(G : G[x]) has finite 
positive supremum and infimum as x —> oo. 

Let x be a given positive real number. Notice that G is a free Z p module of 
rank d and G[x] as a closed subgroup of G with respect to the pro-p topology is 
a Zp-submodule. By the theory of module over PID, for every given real number 
x there exists a Z p -basis {ay,..., ad} for G so that a Z p -basis for G[x\ is of the 
form {<j^ ,..., a p d } and hence (G : G[x\) = n i . On the other hand, for every 
j = 1,..., d we have 

< X < i nj {aj) . (5) 

To ease the notation, for each j we write i n {<Xj) = <Xjp dn + /3j where 

a 4 =-and 

1 p d - 1 

a _ P d -io(crj) ~ii(cTj) 

P j ~ p d _ 1 

Substitute these identities back to (5) and divide (5) by p dnj we get 

a jP~ d + PjP~ dnj < < atj + P 3 p~ drij j = 1,..., d 

P 3 


n ( a jP ~ d + hp-*"’) < < n (aj + frp-*"’) . 

Lj=i J p j 3 L“i 

Since o±,... ,ad generates G, we must have a :j G v for every j = 1 ,... ,d. Al¬ 
though otj and (3j depend on the choice of ay for each j and the choice of the 
basis {oq,..., ad} depends on the given real number x, Proposition 2.3 shows that 
<o(ay), ii (a.j) and hence ay and f3j are bounded above by a constant which is in¬ 
dependent of the given real number x for all j = 1 ,... ,d. Therefore, we conclude 
that there exist positive constants U and L which are independent of x such that 


0 < L < 


< U. 
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This implies that 


L < 


(G : G[x}) 


< U 


for all x sufficiently large. Hence, 


X X 

o < L < liminf — < limsup — 

x— 1 °° (G : G[x]) 0,^00 (G : G[x]) 


< U < oo. 


Now, it follows from Proposition 2.5 that the field M and hence K are p-adic 
fields. □ 


3. Application-Commuting power series 


In [16, §6], Lubin made a conjecture concerning families of commuting power 
series defined over a p-adic integer ring. The conjecture suggests that for an in¬ 
vertible series to commute with a noninvertible series, there must be a formal 
group somehow in the background. Although this conjecture is still far from 
completely understood, there has been some interesting work on this conjecture, 
see [7, 8, 9, 14, 16, 20]. In [7], Laubie, Movahhedi and Salinier apply the theory of 
held of norms to the study of Lubin’s conjecture and their idea was later applied 
by Sarkis in [20] to prove a special case of Lubin’s conjecture. Inspired by the 
work in [7, 20], we will apply our results in Section 2 to the characterization of 
commuting families of power series proposed by Lubin’s conjecture. First, let’s set 
the following notation which will remain fixed throughout this section. 

K a finite extension of Q p with degree d = [K : Q p ]. 

/, e the residue degree and ramification index of K respectively. 

Ok the ring of integers of K. 

Mk the maximal ideal of Ok- 


U k 

IT 

Vk 

F 

r 9 

V 0 (O k ) 

wideg (g(x)) 


the units group of Ok- 

a fixed uniformizer of Ok such that A 4 k = kOk- 
the normalized valuation on K such that Vk{ 7t) = 1. 
the residue held of Ok which is a hnite held of q elements with q 
the set of formal power series over Ok without constant term, 
the Weierstrass degree of the power series g(x). 


Notice that V 0 {Ok) is a monoid under the operation of substitution. Following 
the notation and terminologies in [16], the composition of two power series is de¬ 
noted by (/ o g)(x) = f(g(x )) and the n-th iterates of g{x) is denoted by g on (x). A 
power series g £ Vq(Ok) is called invertible if it has an inverse under the operation 
of substitution; otherwise it is called noninvertible. It’s an elementary fact that a 
power series g £ V 0 {Ok) is invertible if and only if g'( 0) £ Uk- We denote the 
subset of invertible power series by Go {Ok)- Then, Go (Ok) forms a group under 
the operation of substitutions. Moreover, Go (Ok) acts on V 0 (Ok) by conjugation. 
Let g £ Vo (Ok), the stabilizer of g under the action of Go(Ok) is denoted by 

Stabo K (ff) := {u £ Go(O k ) \ u o g o u _1 = g}. 

In other words, Stabe> K (g) is the subset of V 0 (Ok) consisting of all invertible power- 
series that commute with g under the composition of power series. 
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Definition. Let g £ Vq(Ok)- We say that g is a torsion (series) if g is of finite 
order under substitution; we say g is stable if g'( 0) is not 0 nor a root of 1. 

By [16, Corollary 1.1.1] we have the following. 

Proposition 3.1. Let g £ Vq (Ok) and let do : Stabe> K (p) —>• Uk be the map 
defined by do(u) = u'( 0). If g(x) is a stable power series, then do gives an injective 
group homomorphism from Stabe> K (p) into Uk- 


Let g £ T>o(Ok) be a stable noninvertible series and assume that g is an endo¬ 
morphism of a Lubin-Tate formal group F(x,y) over Ok- Then Stabo K (g) is the 
units group of the ring End q k (F(x, y)) of endomorphisms of F(x, y). Moreover the 
homomorphism do as in Proposition 3.1 is surjective. It is natural to ask if the 
converse also holds. More precisely, suppose that do(Stabo K (g)) = Uk, must g 
come from an endomorphism of a suitable Lubin-Tate formal group defined over 

O k ! 

In the case where K = Q p and g £ "Do(Z p ) is a noninvertible power series, assum¬ 
ing that v p (g'( 0)) = 1, wideg(g , (x)) = p and i9 0 (Stab z, p (g)) = Z*, Sarkis [20] proves 
that there exists a formal group F(x, y ) over Z p such that g is an endomorphism of 
F and Stabz p (g) is the group of automorphisms of F. His result provides a support 
evidence for Lubin’s conjecture in the special case where K = Z p and the stabilizer 
group Stabz p (g) of g(x) is the largest possible. 

The main goal in this section is to generalize Sarkis result to a more general 
situation. Namely, assuming that 9o(Stabe> x (<?)) = Uk for the given noninvertible 
power series g we show that indeed g is an endomorphism for a Lubin-Tate formal 
group over Ok provided that some conditions are satisfied by K and g (see The¬ 
orem 3.2 below). Before stating our result, we recall the definition as introduced 
in [11] for the height of a stable noninvertible series g , 


height (g) = e 


log p (wideg(ff(x))) 

vidg'i o)) 


The motivation for defining the height of a noninvertible power series comes from 
that ofa formal group F(x,y) £ Ok\x,v\ which is defined to be log p (wideg([p]_p(a;))) 
where [p] p is the endomorphism of the formal group F(x,y) with first degree co¬ 
efficient equal to p. It turns out that the height of F{x,y) is equal to height(/) 
for any nonzero, noninvertible endomorphism f(x) of F(x,y). Thus, if g(x) is a 
noninvertible endomorphism of a formal group, then height(g) is equal to the height 
of the formal group. Notice that in the case treated by Sarkis, the power series g{x) 
has height one. 

The following is the main result in this section. 


Theorem 3.2. Let K be an finite extension over Q p with ramification index e 
and residue degree f. Suppose that g(x) £ T>o(Ok) is a stable noninvertible series 
o/height(p) = ef. Furthermore, assume that do (Stabe> K (g)) = Uk, then g is an 
endomorphism of a Lubin-Tate formal group defined over Ok if one of the following 
conditions holds: 

(1) v(g’( 0)) = 1 (e can be any positive integer). 

(2) e = 1 (i.e. K is an unramified extension over Q p ) and all the roots of 
iterates of g(x) are simple. 
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Remark 6. It is well known that for a noninvertible endomorphism of a formal 
group, every root of its iterates is simple. On the other hand, there exist “conden¬ 
sation” of endomorphisms of a formal group which are noninvertible power series 
whose roots of iterates are not always simple ([10, Examples 1 and 2]). There is 
also an example of noninvertible power series with infinite Weierstrass degree whose 
stabilizer group contains non-torsion elements ([12, Last Example in Section 5]). 
In this note, we concentrate only on noninvertible stable power series with finite 
Weierstrass degree whose roots of iterates are simple. Note that in case (1) of 
Theorem 3.2, all roots of iterates of g{x) must be simple. 

The strategy for proving Theorem 3.2 follows the lead in [7]. One of the new 
ingredients here is Theorem 2.4 which gives a criterion for determining the char¬ 
acteristic of the fields N/M corresponding to (F g ((a;)),G) under the field of norms 
functor, where the group G is the reduction of Stabo^g) modulo the maximal 
ideal Mk of Ok- Notice that unlike the cases treated in [7, 20] where G ~ Z p , our 
group G here has Z p -rank equal to d = [K : Q p ] which is greater than 1 in general. 
This causes difficulties in extending their method to the general situation. 

The reason is that one needs to know whether or not N/M is an extension of 
p-adic field. If the Z p -rank of G is equal to 1, then Wintenberger’s result [26, 
Theoreme 1] is the key to show that the characteristic of the fields N/M are 0. 
Our generalization (Theorem 2.4) of Wintenberger’s result in the case where G has 
higher Z p -rank makes it possible to apply the theory of field of norms to the study 
of Lubin’s conjecture. 

Yet in order to apply Theorem 2.4, it is important to know that elements 
in Stabo K ((7) satisfy (2). The second named author’s previous work [8, 9] (see 
Lemma 3.4 and Lemma 3.5 below) provide a way of computing the n-th ramifica¬ 
tion number for elements in G and the absolute ramification index for the field F. 
Once we have these ingredients in hand, we’re able to show that under the con¬ 
ditions in Theorem 2.4, g{x) is indeed an endomorphism of a Lubin-Tate formal 
group over Ok- 

We postpone the proof of Theorem 3.2 to § 3.3. Before the proof, we study 
the reduction G of the group Stabe> K ( g ) and the extension fields corresponding to 
(F g ((x)), G) under the field of norms functor. 

3.1. Reduction. For a G Ok we use a G Ok/Mk to denote the reduction of a 
modulo Mk- The reduction map 0 a [z] -A F g [x] is as usual defined by reducing 
the coefficients of a power series f(x) modulo the maximal ideal Mk- We’ll simply 
use f{x) to denote the reduction of the power series f(x). 

Lemma 3.3. LetQ o(F g ) denote the group of invertible power series over ¥ q . Then, 
the reduction map induces an injective group homomorphism Stabe> K (g) ^A t/oOFg)- 

Proof. The lemma follows from [16, Corollary 4.3.1]. □ 

We recall below some well-known facts about the units group Uk which will be 
used in the sequel. 

• Uk is a finitely generated Z p -module of rank d = [I< : Q p ]. 

• For integer i > 0, we set t/M = {a G Uk \ a = \ (mod Mk)}- Then, U^ 
is a free Z p module of rank d provided that r > e/{p — 1). 

• For integer t > e/(p — 1), we have ( U^) P = U^ e+e \ 
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From now on, we fix a stable noninvertible series g £ T>q(Ok) such that 
height (g) = d, 5 0 (Stab oAd)) = u k 
and all its roots of iterates are simple. 

To ease the notion, we’ll write G = Stabe> K ( g) in the following. Fix an integer 
r > e/(p — 1). It follows from above that U^ is a free Z p -module of rank d. Let 

• G = {u | u £ G}, 

• G<"> = 9 0 _1 (CfW) , 

• G<”) = {u | u £ G^}. 

By Proposition 3.1 and Lemma 3.3 we have G ~ G cs do (G) = Uk■ We extend the 
definition by setting G^ = G^ for any real number x > 0 such that n — 1 < x < 
n. Then G is viewed as a closed subgroup of Aut^ (F g ((a:))) by the operation of 
substitution on the right to elements of F 9 ((a:)). Moreover, we have that G ^ ~ 
and G^ is a closed subgroup of the ramification group 7V(F 9 ). It follows from the 
definition that for a(x) = u(x) € GC\Af(¥ q ), it’s ramification numbers is related to 
the Weierstrass degrees of iterates of u(x) by the formula 

inis 7 ) — wideg(u op (x) — x) — 1. 

In particular, this applies to elements of G^. 

As a consequence of the assumption on the simplicity of roots of iterates of 
g{x), we can apply the following two results which are the key ingredients to apply 
Theorem 2.4 to our situation. 

Lemma 3.4 (H.-C. Li [8, Theorem 3.9]). There exists R and A > 0 (depending 
only on g{x)) such that for every <j(x) £ G(~lA/"(F 9 ), 

in+ 1(^) ^n(cr) 
ini' 7 ) - *n-l(o-) 

for all n > R. 

The following Lemma enables us to calculate the ramification numbers of a given 
element a(x) £ G r\Af(¥ q ). 

Lemma 3.5 (H.-C. Li [9, Corollary 4.1.1]). There exists a constant R (depending 
only on g(x)) with the following property. Let a = u(x) £ G(lAf(F q ). Suppose that 
there exist integers m satisfying mv(g'(0)) = v((u'(0)) p — 1) for some n > R, then 
wideg(w op (a;) — x) = wideg( 5 orra (a;)) and hence i n (cr) + 1 = wideg(g om ). 

3.2. Applying the field of norms functor. By Theorem 1.2, there exists a 
totally ramified Galois APF extension of local fields corresponding to (F g ((a:)),G) 
under the field of norms functor. Let’s denote this extension by N/M. In the 
following, we determine the characteristic of M first. 

Proposition 3.6. The characteristic of M is 0. 

Proof. Since any closed subgroup of G = G of finite index corresponding to the 
extension N/M' for some finite extension M' of M and the characteristic of the fields 
does not change, we may consider the extension corresponding to (F q ((#)), G< r >) for 
some fixed r > e/(p — 1). In this case, Gi r > cs Zp. 
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Let s = UR-(g'(0)) > 1 and let a = u £ be any non-identity element. The 
assumption height(g) = d implies wideg(g) = p s f = q s . Put i = vk{u'( 0) — 1). 
Then u'(0) = 1 + £ir e for some £ £ Uk- Since u'(0) £ U^ and e = vk ( p ), we have 

( u °P n )'(0) = (u'(0)) pn = 1 + p n (£7T e ) (mod M^+ ne+1 ). 

By assumption, g satisfies one of the two conditions in Theorem 3.2. Therefore 
either e = 1 or s = 1. In either case, there exist positive integers n and m such that 

v K {{u op ) , (0) — 1) = vk(u'( 0) — 1) + vk{p u ) = £ + ne = ms. 

Moreover, we can choose n sufficiently large so that Lemma 3.5 applies. Now 
Lemma 3.5 implies that 

wideg(u opn (x) -x)= wideg (g om ) = q ms 

and we also have 

wideg(u op ’ 1+ ' s (a;) - x) = wideg( ff o(rn+je) ) = 9 (m+ie)s for all int egers j > 0. (6) 

By Lemma 3.4 there exists a positive integer R and A > 0 such that for all 
a £ G^ r \ the sequence {it.{cr)}t>R satisfies recursive relation 

it+i{a) - itjcr) ^ pX 
it{c)-it- 1 ( 0 -) 

We claim that A = d. 

To prove the claim, we choose the integer n such that n > R and (6) holds. For 
j > 0 we have 

i n+JS (a) = g (m+ie)s - 1. 

Now we compute i n+ j S (a) — i n+ (j_i) s (a) = g( m +0’ _1 ) e ) s (g es — 1) for all j > 1. 
Therefore, 

in+2s(o') — in+s(&) _ ^ es _ p ds 

On the other hand, the recursive relation in Lemma 3.4 satisfied by i n (i j) gives the 
following 

p jsX - 1 

in+js(&) — ^n(^) T 1(^) 

It follows that 

'in+2s( (J ) — i n + a (cr) __ p Xs 
^n+s(u) fn(u) 

From these, we conclude that A = d. 

As G cs Zp and Lemma 3.4 shows that all elements of G ^ satisfy (2), it 
follows from Theorem 2.4 that M' and hence M is of characteristic zero. 

□ 

Notice that, the residue fields M = N = F q = K. Hence, the residue degree 
of M is also equal to the residue degree / of K. Our next task is to compute the 
(absolute) ramification index e*f = vm{p) of M where vm denotes the normalized 
valuation on M. 

Proposition 3.7. The ramification index of M is the same as that of K. That is, 
eu = e. 
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Proof. As in the proof of Proposition 3.6, we fix a positive integer r > e/(jp— 1) and 
let N/M' be the extension corresponding to (F g ((a;)), G^') under the field of norms 
functor. Then M' is a totally ramified extension over M of degree [M' : M] = 
[G : G^). The strategy is to compute the ramification index of M' first. Then 
it’s straightforward that ejf = eM'/[M' : M] since M'/M is a totally ramified 
extension. 

Now that N/M' is an extension of local fields of characteristic zero, Theorem 2.2 
shows that nontrivial elements of G^ r ' satisfy (3). We fix a sufficiently large positive 
integer R such that it works in Lemma 3.5 and for every nontrivial a £ G^ r \ its 
n-th ramification number i n (cr) satisfies (3) for all n > R. 

Let a = u € G^ be a nontrivial element, then 

pd(n-R) _ i 

in(cr) = + -—-j ---(*_R+i(cr) - i R (c t)) for all n > R. 

p a — 1 

Put i = vk(u\ 0) — 1), s = VK(g'( 0)) and choose an n 0 > R such that £ + noe = ms 
for some positive integer m. By (6), we have 

i no+is (a) = wideg ( ff »("*+;«)«) - 1 = q (™+ie)s _ L 

Substituting i„ 0 (<r) and i no + a (<j) into the above equations and a little manipulation 
on algebraic identities, we obtain that 

i n (cr) + 1 = q t+ne for all n > R. (7) 

Notice that (7) implies that \og q (i n {a) + 1) = VK{{u° pn )' ( 0) — 1) for all a = 
u £ G^ and all n > R. On the other hand, for any given positive integer n there 
exists sufficiently large integer r such that U^ C U p ". That it, elements of U ^ 
are of the form u op for some u £ G. Therefore, by increasing r if necessary, we 
may assume that the ramification number of every nontrivial a = u £ G^ satisfies 
log 9 (?'((j) + l) = Vk(u'(0) — 1). Then by the definition of lower numberings, for t > 0 

G (r) [t] ={«£ G (r) | v K {u'{ 0) - 1) > log q (t + 1)}. 

Since G^ = {u | vk{u'(0) — 1) > i} for l>r, we see that G^[t] = G^ los «^ t+1 ^. 
Now the isomorphism G^ ~ shows that the filtration 

qW D Q(t+ 1) D ... D Q(t+j) D ... 


is the same as that arising from ramification numbers of elements of G^\ Hence, 
the breaks of the lower numberings of G^ are exactly the set of t such that t = q e — 1 
for all integers i > r. 

Moreover, we have [G^ : G^] = [ U^ : U = q e ~ r . Notice that we also have 
( G W) P = G^ +e \ Since G^ = G^[q e - 1], it follows that 

(c (r V - i]) P = G (r V +e - 1]. 

To ease the notation in the computation below, we’ll simply put H = G^ r \ 
Applying the function </>h and Proposition 2.1, we have 

e M ’ = h {<f +e - l) — <I>h iff — l) 



[H:H[t\] 
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= £ 

3 =0 
e—1 

= £ 

3=0 


= £ 


e+j+i_ 


lqi+j-l 


dt 


[H:H[t ]] 


q£+j +1 _ 

[if : H[q e M+i - 1] ] 


q l+3 {q- 1 ) 

qi+3 + l-r 


\q~l)e. 


As remarked in the beginning of the proof, e« = : M] = eM'/P : G^]. 

Now, [G : G^] = [ Uk '■ U^] = q r ~ 1 (q — 1). Combining with the formula for eM' 
obtained above, we conclude that eM = e as desired. □ 


Remark 7. Since the two fields K and M have the same residue degrees and rami¬ 
fication indices, it follows that both fields have the same degrees over Q p . That is, 
we have [M : Q p ] = ef = [K : Q p ]. 

Now we know that the extension N/M corresponding to (F g ((x)),G) under the 
functor of the field of norms is a totally ramified extension of p-adic field with Galois 
group Gjv/m — G. Our next result gives a more precise description of the extension 
N/M. 

Proposition 3.8. The extension N/M is a maximal totally ramified abelian ex¬ 
tension of M. 

Proof. As N is a totally ramified abelian extension of M, by local class field theory 
N/M is a subextension of a maximal totally ramified abelian extension N'/M of 
M. From the theory of Lubin-Tate formal groups, we know that N' is the field 
generated by all the Tr^-torsion points (for all n G N) over M of a Lubin-Tate 
formal group F(x,y ) € Om [a:, y] corresponding to a uniformizer ttm of M. 

Recall that the formal group F(x, y) gives rise to an isomorphism Um G^i /m 
where Um denotes the units group of Om- On the other hand, the restriction map 
cr i—> ct\n for a G Gjv'/m induces a surjective continuous group homomorphism 
Gjv'/m —^ Gjv/m- Composing with the isomorphisms Um — Gj^i/m and Gjv/m — 
G ~ Uk i we obtain a surjective homomorphism 6 : Um -» Uk of Z p -modules. Our 
goal is to show that the kernel of 9, denoted by W. is trivial. 

By Remark 7, the two Z p -modules Uk and Um are of rank d. Therefore W must 
be a finite subgroup of Um- Since both K and M have the same residue degrees, 
the prime-to-p part of the torsion groups of Uk and Um have the same cardinality. 
If W is not trivial then it must be a finite p-group. Let the order of W be p e for 
some £ > 0 . 

For a G Um , we denote by g a G Gjv'/m corresponding to a. Notice that the 
isomorphism Gjv/m — G is the one given by the field of norms functor Xm{-)- 
Let 7 a = AmCSqIjv) be the image in G of the restriction of £j a on N. The lower 
numbering ifiya) is computed in [7, Proposition 3.10]. We will show that £ = 0 by 
comparing the lower numberings i n ( 7 a) obtained in [7] and the one computed in 
Proposition 3.7. For our purpose, it suffices to consider a special case as follows. 

We set h n = ma x w ^w{vM{a p — w)) for positive integer n. Then [7, Proposi¬ 
tion 3.10] implies that there is a positive integer e! depending on W such that for 
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n large enough, we have 


inila) = 

<7 - P , ^ 

p i L'W’ 5 

JT 

where 

II 

[ P -1 y ^- 1 <f ' P " 

if t > 1 , 


1° 

otherwise. 


By raising a to a suitable power, we may assume that y a £ GU) and t a = 
v M (a- 1) = nra x w&w (v M (a-w)). Then, h n = v M (a p " -1) = t a +nv M (p) = t a +ne. 
Recall that 'j a {x) = u(x) for some u £ G with u'(0) = b £ Uk■ As y a £ G^ r \ by the 
definition of G^ we also have that b £ • Let tb = vpib — 1). Then (7) implies 

that ini'!a) = q tb+ne — 1 for n sufficiently large. If l ^ 0, combining both results 
we see that for n sufficiently large 


q 


tb+ne _ ^ _ 


qt a +ne _ pi 


+ 


P~ 1 


E : 


p ^ p 


Equivalently, 



P-1 


E 


p ^ r 


This can not hold for all large n. Therefore, £ = 0 and consequently N' = N as 
desired. □ 


Remark 8. If e = 1 then both K and M are unramified extension of degree f over 
Q p . It follows that M = K in this case. Then, Proposition 3.8 follows from local 
class field theory directly. 

3.3. The proof. We begin to prove Theorem 3.2. Recall that we’re given a stable 
series g £ Vq(Ok) such that G = Stabo^p) satisfying 3o(G) = Uk- For the 
abelian group G = G, the APF extension N/M corresponding to (¥ q ((x)), G) under 
the field of norms functor is a maximal totally ramified abelian extension of p-adic 
local fields. Furthermore, the residue degree and ramification index of M are the 
same as that of K. 

As in the proof of Proposition 3.8, N is the field generated by torsion points 
over M of a Lubin-Tate formal group law F(X,Y) £ 0m [A, F] associated to a 
uniformizer w of M. It is well-known that the formal group law F(X,Y) induces 
an isomorphism pp : Om —> End(F(X, F)) such that for a £ Om the image of 
a under pp is the unique endomorphism [o\f of F(X,Y) satisfying <9 o([o;]f) = a. 
Furthermore, via the formal group law F(X,Y) the isomorphism Gn/m — Um can 
be explicitly given as follows. 

For r £ Gjv/mj there exists a unique a £ 17 m such that for any positive integer 
n and any w ra -torsion A of F(X , Y) we have r(A) = [o]f(A). On the other hand, the 
result of [7, Lemma 3.2] says that under the field of norms functor, for r £ G^/m 

corresponding to [o]f we have that Xm(t) = [q;]f £ Aut(AM(A r )). Here we also 
denote by [ o\f(x ) the reduction of the formal power series [o]f( 2 :) £ OmH modulo 
Mm- 

By the construction of the field of norms (see § 1.2), a uniformizer x of Xm{N) ~ 
F g ((a’)) corresponds to a sequence of norm-compatible elements where M' 

runs through finite subextensions of N/M with pm 1 a uniformizer in M'. As in 



18 


LIANG-CHUNG HSIA AND HUA-CHIEH LI 


the proof of [7, Theorem 4.5, (iv)=7 (v)], we may choose the Lubin-Tate formal 
group law F(X,Y) to be the one corresponding to ttm ■ Moreover, the same proof 
also shows that F(X,Y) can be chosen such that G = {[a]i?(a;) | a G Um}- In 
other words, if we let F{X,Y) G F g [X, T] be the reduction of the Lubin-Tate 
formal group F(X,Y) modulo Mm, then the group G is a closed subgroup of 
Aut(F(X, Y )).(Although [7, Theorem 4.5] treats the case where M = Q p and 
Gm/m — only, the arguments can be generalized to our case without difficulty). 

Let s = VkW{ 0)) > 1. Then wideg(g) = p s f = q s and g(x) = 7 (x q *) for some 
invertible series j(x) G F 9 [arJ ([16, Corollary 6.2.1]). We claim that there exists an 
invertible power series u(x) G G such that u(x) = j(x). 

Notice that the reduction (modulo Mm) map induces an injective ring homo¬ 
morphism pjr : Om End(J r ) such that G is the units group of Pf(Om)- For any 
<j G G we have 70 a = a 07 as well since aog = gocr and er commutes with the g-th 
power Frobenius map. In particular, 7 commutes with any non-torsion element of 
G. By [17, Theorem 6 ], we conclude that 7 G End(-F). So, 7 is in the centralizer 
of G in End(-F). From this, it’s not hard to deduce that 7 is in the centralizer 
of Pf{Om) in End(J r ). It follows that M( 7 ) is an extension field of M contained 
in D = End(J r ) <g> Q p . On the other hand, the endomorphism ring of F(x,y) is a 
maximal order in the division algebra D of rank d 2 over Q p ([3, Theorem 20.2.13]). 
Since M is of degree d over Q p , it is a maximal field contained in D. Thus, we must 
have M( 7 ) = M. This implies that 7 is actually contained in pf(Om) and in fact, 
it is contained in G. Therefore, there exists a formal power series u(x ) G G such 
that u(x) = j(x) as claimed. 

The remaining proof is split into two cases according to: (i) s = 1 and (ii) K is 
unramified over Q p (e = 1 ) . 

Case (I) s = 1 : Put h = jo^F 1 ). Then h(x) = x q (mod Mk) and Vk(Fi'(0)) = 
v K (g'(0)) = 1. By Lubin-Tate theory, the formal power series h(x) is an endomor¬ 
phism of a Lubin-Tate formal group G(x,y) over Ok, and as g{x) commutes with 
h(x), it is an endomorphism of G(x , y) as well. This complete the proof of the first 
case of Theorem 3.2. 

Case (II) The unramified case (e = 1): Notice that we have M = K in 
this case since both M and K are unramified extensions of the same degree over 
Q p . The embedding pjr : Ok End(J r (A, Y)) makes F(X,Y) into a formal 
0A'-module, denoted by (F(X,Y), pj r), of Ok -height 1. (see [3, § 21.8.2] for a defi¬ 
nition). Since g(x) = y(a ; 9 ) and 7 as well as the g s -power map are endomorphisms 
of F(x, y), we conclude that g is an endomorphism of F(X,Y) which commutes 
with elements of pf{Ok)- It follows from the same arguments as above that in 
fact g G Pf{Ok)- Hence there exists a unique /3 G Ok such that g = [ 0\j:. Our 
goal is to show that there exists an invertible power series <j>(x) G Ca'I^] such 
that 4>(x) = x and g[x) is an endomorphism of the Lubin-Tate formal group law 
F*(X,Y) = cj>- 1 (F(<t>(X),ct>(Y))). 

To achieve that goal we apply the lifting techniques studied in [14] to our situa¬ 
tion. We start with the basic setting in [14]. Let ( and p be fixed noninvertible and 
invertible endomorphism of F(x,y) respectively such that £ ° p = p o £. For every 
positive integer r, we write M r = M r K /M r I ^ 1 which is a one dimensional vector 
space over ¥ q . Let’s recall the definitions for the F 9 -subspaces Z r ((, p), Z°{p) and 
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-®r(C, M) of M r [a;] ©M r [a:] in the following. 

Z r (C>v) = {( d,w ) G M r {.xj ®M r \x} : d(p(x)) = d(x) • m'(CO)) + w iC( x ))}- 

Z°((,y) = {(d,w) G Z r ((,n) : d'( 0) = w'(0) = 0 in M r }. 

B r ((,y) = {( d,w ) G Z r ((,fi) : d(x) = —0(£(x)), for some 9(x) G x 2 M r \ x]}. 

We remark that if (d, w) G Z r ((,/j.) such that d(x) = —0(((x)) for some 9{x) G 
x 2 M r \x\, then 

w(C(x)) = n'(C(x)) ■ 9{C(x)) - 6 »(C(^(x))) 

= AC(x))-0( «x))-9MCm- 

Consequently, 

w{x) = p!(x) ■ 9{x) — 9(p(x)) (8) 

and B r {f, p) is a subspace of Z°((, p). 

A pair of formal power series (/, u) G V 0 (Ok) © So(Ok) is said to be a lifting of 
(£, p) provided that fou = uof and f(x) = £(x) and u(x) = p(x). Notice that the 
definition for lifting given here is slightly different from the one in [14]. Suppose 
that (/i,ui) and {f 2 ,u 2 ) are two liftings of ((,p) such that 

fi = f 2 (mod Ai’ K ) and u\ = U 2 (mod M r K ) 
then (/i - f 2 , ui - u 2 ) G Z r (C, p). 

A result of [18, Section 3.2] says that there exists a 4> r (x) G Qo{Ok) such that 
4 > r {x) = x (mod M. r K ) and 

<f> r o f\ = f 2 o (j> r (mod and <j) r o u\ = u 2 o cf> r (mod M’^ 1 ) 

if and only if (fi— f 2 ,ui~u 2 ) G B r (Q,p). In fact, we have /i (a;) — f 2 (a:) = —9 r (((x)) 
(mod M’jf 1 ) where 9 r (x) is any power series in x 2 M r \x\ such that 9 r {x) = (j) r (x)—x 
(mod M'k 1 ) (see [18, p. 141]). 

We set ((x) = \p]j:{x). Clearly \p\p{x) = ((x) = g(x). For any a G Uk, we let 
u a (x) G G be the unique power series such that uf, = [a]jr. By setting p a (x) = 
\a\p(x), we now have two lifting of (£,/z a ). Namely, ([/?]f, [«]f) and ( g,u a ). Our 
goal is to show that for appropriate a G Uk, we have {\P\f~9, [ajf-Ma) G B r ( £, p a ) 
for all positive integer r. From this, it’s not difficult to deduce the existence of an 
invertible power series 4>(x) which gives the formal group F c l > (x,y) such that g(x) 
as well as all u(x) G G are endomorphisms of F^(x,y). 

A key ingredient that we’ll need is the following lemma whose proof will be 
postponed to the end of this section. 

Lemma 3.9. Let oq, a 2 , ft G Ok be such that 0 < vk(&i — 1) < Vk(P) < Vk(ch 2 —1). 
Suppose that we are given stable noninvertible power series f{x) G V 0 (Ok) and 
invertible power series ,ui(x),u 2 {x) G So(O) such that they commute with each 
other under the operation of substitution. Furthermore, suppose that there is a 
positive integer r such that f = \0\f (mod M r K ) and iq = [cq]_F (mod M r K ), for 
i = 1,2. Then /'(0) = /3 (mod M^ 1 ) and ?4(0) = a 2 (mod M^ 1 ). 

We apply Lemma 3.9 to our situation. Let vk((3 ) = s = vkW{ 0)) > 1- Since 
the case s = 1 has already been treated, we’ll assume s > 2 in the following. Put 
ai = 1 +p s_1 and a 2 = 1 +p s . Let ui(x),u 2 (x) G G be such that vf(x) = pi(x) = 
\a\]F(x) and u^fx) = /J. 2 (x) = [ci! 2 ]jr(®)- We have the following. 
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Claim. For every positive integer r, there exists a power series ip r G Go(Ok) with 
ip r {x) = x (mod W K ) such that 

ipr ogoip- 1 = [/3 ] f (mod 
ip r ouiO ipp: 1 = \aP\F (mod M ^ hl ), i = 1 , 2 . 

We prove the claim by induction on r. First we notice that aq, ct 2 and /3 as well 
as u\(x),U 2 {x) and g(x) satisfy the conditions in Lemma 3.9 for r = 1. Hence we 
conclude that </(0) = /3 (mod M 2 K ) and u' 2 { 0) = 02 (mod M 2 K ). Recall that K is 
unramified over Q p of degree /. Therefore it contains the group of (q — l)-roots of 

unity. Let u> € Uk be a fixed primitive (q — l)-th root of unity and let u^x) G G 

be the unique invertible power series such that 11 ^( 0 ) = w. Hence is a generator 
for the cyclic subgroup of order q — 1 in G. Observe that up, and [w]_f both satisfy 
up ( 0) = u> = [6^(0). Since the reduction map G ->Gc Aut (T(x,y)) is injective, 
we must have up = [w]_f. 

Put u{x) = U 2 o u u and p = [wa 2 ]?- By construction we have 

g( x) = C(x), u{x) = p(x) and 

g'(0) = /3 (mod M 2 K ), ii'(0) = coa 2 (mod M 2 K ). 

In other words, (g — [pt \f,u — [wc^f) = (d, w) G Zp((,y). On the other hand, 
Ok = Z p [wo; 2 ] and /3 G Z p [uja 2 ] since K is unramified over Q p of degree /. By [14, 
Corollary 9] and the fact that the formal 0^-module (iF(x,y), pf) is of Ox-height 
one, we deduce that dimk{Zp(p, p)/ Bi((, p)) = 0. Hence, (g — [(3]f, u — [wc^f) G 
Bi{(,p). Thus there exists (pi(x) G Go (Ok) with (pi(x) = x (mod Mk) such that 

cpi o g o (pp 1 = [p] F and (pi o u o cpp 1 = [wa 2 ]F (mod M.%). 

In particular, {g — [/3]f) ( x) is of the form —6 i(C(x)) for some 8i(x) G x 2 Mi[a;] 
with 8 i(x) = <p\{x) — x (mod M 2 K ). Now (g — [0\p,Ui — [<x;]f) G Z\{C,,Pi) by con¬ 
struction and (g — \J3\f) (x) = —0i(C(x)), we have ([P]f — g , [ o^f — u*) G -Bi(C> p %) 
for i = 1,2. Since 6 i(x) = <p\{x) — x (mod M 2 K ), we conclude that the same invert¬ 
ible power series <pi(x) gives 

(pi o m o (pp 1 = [apF (mod M. 2 K ), i = 1,2 and 
(pi o Uu o (pp 1 = [uj] f (mod M 2 k ). 

Therefore the claim is true for r = 1 by setting tpi = (pi. 

Let r > 1 and assume that there exists an invertible power series ip r (x ) G Go(Ok) 
satisfying ip r (x) = x (mod M r K ) such that 

ip r o go ippt 1 = [(3 ] f (mod M^P 1 ), and 
tp r ouiO ipp 1 = [a,]x (mod i = 1,2. 

Put g r = tp r o go ip~ 1 ,Ui t r = ip r ouiO ‘ip~ 1 , i = 1,2 and = ip r ou u o ip~ x . Notice 
that we also have r (0) = ui and uPPp r = [oj\f- Similarly, we see that ai,a 2 and j3 
as well as u\ tT ,U 2 , r and g r satisfy the conditions in Lemma 3.9 for r + 1. Hence, 

g' r ( 0 ) = /? (mod M r ^ 2 ) and u' 2 r (Q) = a .2 (mod M r jP 2 ). 

Let u r = U 2 , r 0 Uu,,r then u r satisfies u' r { 0) = wa 2 (mod and up = p. 

Thus, ( g r — \0\p,u r — [q! 2 w]f) G Zp +1 (<p, p). The same reasoning as in the case for 
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r = 1 , we also have dimfc(Z° +1 (£,= 0 and hence there exists an 
invertible power series <j) r +i £ Qq{Mk) with (p r+ i(x) = x (mod such that 

(t>r +1 ° 9r o ( p~h = [P]f (mod M r F 2 ), and 
4> r+ i ou r o (j)-^ = [a 2 w]_p (mod M r F 2 ). 

This also leads to 

<t > r +1 0 u it r o ij)-^ = [ai] F (mod M r £ 2 ) 

since by induction hypothesis (g r — [l3]F,Ui,r — [cp:]f) £ Z r+ i(f, y.i) for i = 1 , 2 . 
Thus 'i/y+i = 4 > r +1 o ip r gives the desired invertible power series for the case of r + 1 
and completes the inductive proof for the claim. 

The claim shows that there exists a sequence of invertible power series {ipr ■ 
ip r £ V 0 (OK),r > 1} such that ip r+ i(x) = ipr{x) (mod M ' K ) for all r > 1. There¬ 
fore ( ipr)r>i converges to an invertible power series (j> £ Go{Ok) coefficientwise such 
that <p(x) = x and (f> o g o 0 _1 = [ff\ F as desired. The proof for Theorem 3.2 will be 
completed provided that Lemma 3.9 is proved. 

Proof of Lemma 3.9. By the theory of Lubin-Tate formal groups, we know that our 
formal group F(x,y) is associated to a uniformizer II of K. Namely, we have 

[II]p’(a;) = ILr (mod degree 2), [II]i?(:r) = x q (mod Mk )• 

On the other hand, we observe that the truth of the lemma remains unchanged 
under the conjugation by any invertible power series <fi £ Go{Ok)- Also, by [19, 
Theorem 1] all Lubin-Tate formal group associated to II are isomorphic over Ok- 
Thus, we may prove the lemma under the assumption that our Lubin-Tate formal 
group F(x,y) is the one such that [II] p (x) = ILr + x q . We remark that under this 
assumption, by Lazard’s comparison lemma 

F(x,y) = x + y+ ^ ((a: + y) q - x q - y q ) (mod degree q + 2). 

Let 7 £ A4k with vk( 7 ) = t > 1, then the endomorphism [ 7 ]^ of the formal 
group F(x, y) is of the form [ 7 ]f(^) = \{x q ) where A is an automorphism of F(x, y) 
as can be seen from [16, Theorem 6.3]. In particular, [ 7 ]f(*) = c 1 x q + h(g ( ) with 
orda, h{x) > 2 and c 7 £ F 9 is a nonzero constant. Let’s write a* = 1 + 7 j, with fj = 
(7* ) f° r i = 1)2. By assumption 0 < t\ < s < t 2 , where s = VK{g'{ 0)) = vk(P)- 
From the remark above we have 

[an]}r(x) = F(x, [ 7 *]f(^)) = x + CiX q * (mod x q ,+2 ), * = 1 , 2 . 

For ( = 1,2 we set yi = [a,] F and let ( d,Wi) £ M r [a;] ® M r [x] be defined as follows 
d(x) = g(x) — [/5]^(aa) (mod M^ 1 ) and 
Wi(x) = Ui(x) - [ai]F{x) (mod M r F x ). 

By assumption, ( d,Wi ) £ Z r (f,y,i) where ( = \P\ F . Thus, Wi satisfies the following 
functional equations. 

d{Pi{x)) = d(x) ■ C(z)) + w i(C( x )), 1 = 1,2. (9) 

Reducing (9) modulo x q 1+1 and using the fact that £(:e) = Q(x q ) where f(x) = 
C 3 X + 0 (x 2 ), C 3 ^ 0 , we obtain the following 

d(x + CiX q *) = d{x) + W 2 (c 3 X q + 0 (x q )) (mod x q * +1 ), i = 1 , 2 . ( 10 ) 
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Since t\ < s, the above equation becomes d(x + C\x qtl ) = d(x) (mod x qtl+1 ) for 
i = 1. Then we must have g?'( 0) = 0 in M r for otherwise the leading term of 
d(x + cix q 1 ) — d(x) is of degree q fl which is impossible. On the other hand, 
the assumption that s < t^ together with the fact that d(x) does not have linear 
term, Equation (10) for i = 2 shows that W 2 (x) can not have linear term either. 
Equivalently, w' 2 (0) = 0 in M r . We have shown 

g'(0) = j3 (mod M ^ hl ) and i4(0) = oci (mod M'^ 1 ) 
which are the desired congruences and Lemma 3.9 is proved. □ 

3.4. Final remarks. Let g £ T>o(G>k) be a noninvertible power series and let 
A n (g) be the set of roots of its n-th iterate. That is, 

A n(g) = {A e K I g° n ( A) = 0}. 

Let K g>n = K(A n (g)) be the Galois extension generated by A n (g) over K. It is a 
natural question about the characterization of Galois groups for K gn over K. For 
arbitrary stable power series, it’s not reasonable to expect a good answer to this 
question. However, if g is an endomorphism of a formal group over Ok then from 
the theory of formal groups a good description of the Galois group for K g<n over 
K can be obtained. As a direct consequence of Theorem 3.2, we have the following 
result. 

Corollary 3.10. Let g € Vq(Ok) be a stable noninvertible power series of height 
d = [K : Q p ] and satisfies either of condition (1) or (2) in Theorem 3.2. Let K g , n 
be defined as above. Then K g ^ n is an abelian extension over K with Galois group 
isomorphic to (Ok/{ g'(0) n ))* . 

Let V C V 0 (Ok) be a family of commuting power series. Suppose that <9o : V —> 
Ok is surjective. By [11, Lemma 3.1], any two commutative noninvertible power 
series have the same height. Therefore, the heights of noninvertible power series in 
V are the same. Define the height of T> to be the height of any noninvertible power 
series in V. Following [15, Definition 4.3.1], T> is called full [20, Remark 3.1] if the 
map do : V ► Ok is surjective and the height of V is equal to [K : Q p ]. If V is full 
then Sarkis conjectures that V = Endc» K (F) for some formal group F(x,y) over 
Ok- As another application of Theorem 3.2, we give a proof of his conjecture. 

Corollary 3.11. Suppose that V C D 0 {Ok) is full, then V = Ende> K (F) for some 
Lubin-Tate formal group over Ok- 

Proof. Since T> is full, there exists a noninvertible power series jSD with g’( 0) = 
do(g) = 7T and height^) = [. K : Q p ], Notice that Stabo K ( 5 r ) = (^(Gr-). It’s 
clear that g satisfies condition (1) in Theorem 3.2. Therefore, g £ Ende> K (F) and 
Stabe> K (g) = Auto^ (F) for some Lubin-Tate formal group over Ok- From this, we 
have V C Ende> K (F). 

As F(x,y) is a Lubin-Tate formal group over Ok, its endomorphism ring is 
isomorphic to Ok with isomorphism do : Endo K (F) —> Ok- Since the restriction 
of the map do to V is surjective, we must have V = Endo K (F) as asserted. □ 

It is natural to ask whether or not conditions (1) and (2) in Theorem 3.2 are 
necessary. We believe that the conclusion in Theorem 3.2 is still true without these 
two conditions. We state the version of Theorem 3.2 without condition (1) and (2), 
which strengthens Sarkis’ conjecture on full set of commuting formal power series. 
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Conjecture 3.12. Let g € Vq(Ok) be a stable noninvertible power series over Ok 
with height equal to [K : Q p ] such that do (Stab o K (g)) = Uk■ Then, g is an en¬ 
domorphism for some Lubin-Tate formal group F(x, y) over Ok and Stabev (g) = 
Aut o k ( f )- 
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